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1
Let L be a free Lie algebra of finite rank over a field K and let X
be a free generating set of L. Then L is a graded algebra, L D 
n1
Ln,
where Ln is the K-span of all left-normed Lie products v1; v2; : : : ; vn
with v1; : : : ; vn 2 X. Let g x L! L be a graded algebra automorphism of
order 2. If 2 is invertible in K; then L has a homogeneous basis consist-
ing of eigenvectors of g with eigenvalues 1. For example, every Hall basis
constructed from a free generating set consisting of eigenvectors has this
property. Here we are concerned with the case where K is of character-
istic 2. Then L has a homogeneous basis  which is invariant under the
action of g. In this paper we give an explicit construction of such a basis
in terms of a g-invariant free generating set X. In fact, we first construct a
g-invariant basis  for the free restricted Lie algebra on X (Theorem 1),
and then we get  as a subset of that basis (Theorem 2).
The motivation for this work came from a problem posed by Bryant [2].
If the field K is replaced by the ring of integers , that is L is the free
Lie ring on X, and g is a graded algebra automorphism of order 2, then L
has a -basis  such that  [ − is a g-invariant set. Bryant asked if one
could actually find a basis with this high degree of symmetry (Problem D
in [2]). Theorem 2 solves this problem modulo 2.
Our construction yields a new proof of results from [3, 7] about the
structure of L (with K a field of characteristic 2) as a module for the cyclic
group of order 2 acting on L via a graded algebra automorphism. We men-
tion that in the case where K D GF2 and X D 2, the results of [3]
have been exploited in [6] to determine the multiplicities of the indecom-
posable GL2; 2-modules (induced from the natural action of GL2; 2
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on the span of X in L) in Ln. For further recent results about the module
structure of free Lie algebras in positive characteristic we refer to [4–6].
We are grateful to R.M. Bryant for some helpful comments on an early
draft of this paper.
2
From now on K is a field of characteristic 2, and it will serve as the
domain of coefficients for all algebras considered below, X is a non-empty
set, and A, R, and L denote the free associative algebra, the free restricted
Lie algebra, and the free Lie algebra on X, respectively. It is well known
(see [1, Sect. 2.7.1]), that if A is turned into a restricted Lie algebra via the
Lie product u; v D uv− vu and the unary operation u2 D u2 u; v 2 A,
then R may be identified with the restricted Lie subalgebra generated by X,
and L may be identified with the Lie subalgebra generated by X. With this
identification we have L  R  A, and throughout the paper we will take
this point of view. Given a subset Y  A, we let LY  and RY  denote the
respective Lie and restricted Lie subalgebras generated by Y in A. As usual,
for u 2 A we let adu denote the adjoint operator defined by aduv D v; u
for all v 2 A. We write V for the span of X in A, and An, Rn, and Ln
for the degree n homogeneous components of A, R and L, respectively.
Thus Rn D R\An, Ln D L\An, and A1 D R1 D L1 D V . The algebras A,
R, and L have a common group of graded algebra automorphisms (since
any such automorphism is uniquely determined by its restriction to V ). Let
g be a graded algebra automorphism of order 2. A subset Y  A will be
called a g-set if Yg D Y . Any g-set Y can be written as a disjoint union
Y D F [ T [ Tg where F is the set of fixed points of g in Y and T is a
transversal of the regular orbits of g in Y . If F D Z, that is g acts fixed
point free on Y , we say that Y is a semi-regular g-set. For a semi-regular g-
set Y with transversal T , and an arbitrary element x 2 T we define subsets
0xY , 8xY , 9xY   A by setting
0xY  D

x; xg; xg; x2k k  0}
8xY  D

x2; xg2; u; ug; u; x; ug; xg u 2 Tnx}
9xY  D

adkxCxgw w 2 8xY ; k  0
}
:
Since xg; xg D xg; x and adkxCxgwg D adkxCxgwg, it is evident that
0xY , 8xY , and 9xY  are g-sets.
Finally, since V is a g-invariant subspace of A, it has a g-invariant basis.
But every basis of V is a free generating set of A, and so we may assume
that X is a g-set. This will be adopted as a standing assumption for the rest
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of this paper, and throughout we will use the notation introduced in this
section.
3
We now recall some basic material about the free algebras L;R and
A, which will be used in the following sections. By a well-known Theo-
rem of Witt [8], every subalgebra of R is itself a free restricted Lie algebra
(see also [1, Theorem 2.7.4]). The corresponding result for L is the cele-
brated Shirshov–Witt Theorem [1, Theorem 2.4.4]. If R has finite rank r,
and S  R is a subalgebra of finite codimension c, then S is a free restricted
Lie algebra of finite rank s D r − 12c C 1 (see [1, Theorem 2.7.5]). Var-
ious vector space bases of L, in particular Hall’s basis, can be found in
Section 2.3 of [1]. For R we have the following result.
Lemma 0 [1, Sect. 2.7.1]. If  is a basis of L, then  D w2k w 2
;k  0 is a basis of R.
Using Lemma 0, it is easily seen that if Y  L is a free generating set
for LY , then it is also a free generating set for RY . For all u; v 2 A,
we have
u; v2 D u; v; v: (1)
Finally, we remind the reader of the important fact that for all u; v 2 R, the
Lie product u; v belongs to L. This follows immediately from Lemma 0
and (1).
4
This section consists of 3 lemmas, which will be exploited in Section 5 to
prove our main result.
Lemma 1. Suppose that X is the disjoint union of its subsets X1 and
X2, let I denote the ideal generated by X2 in R; and let 1 be an ordered
homogeneous basis of LX1. Then
Y D x;w1; w2; : : : ; wk x 2 X2; w1; : : : ; wk 2 1;w1  : : :  wk; k  0}
is a free generating set of I.
Proof. Note that R is the direct sum of its subalgebras RX1 and I.
By the Corollary in Section 2.4.2 of [1], Y is a free generating set for the
Lie algebra ideal generated by X2 in L. Hence Y is a free generating set
for RY  (see Section 3). Since L D LX1LY ; Lemma 0 implies that
I D RY . The lemma follows.
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Recall that g is a graded algebra automorphism of order 2 and that X is
a g-set.
Lemma 2. Suppose that X is a semi-regular g-set with transversal T , let
x 2 T , Z D xC xg [8xX; and W D RZ. Then W is of codimension
1 in R, x spans R modulo W , and Z is a free generating set of W .
Proof. Since W \ V is of codimension 1 in V , and x spans V modulo
W \ V , the first two assertions of the lemma will be proved once we show
that Rn  W for all n  2. Since x2 and xg2 are in W , it is, in view
of Lemma 0, sufficient to show that Ln  W for all n  2. First we con-
sider L2. This is spanned by all Lie products u; v with u, v 2 X. By the
definition of 8xX, all such Lie products with u, v 2 Xnx; xg and all
Lie products u; x and ug; xg with u 2 Tnx are in W . But since
xg; x D xC xg2 C x2 C xg2
and for u 2 Tnx;
u; xg D u; x C u; xC xg; ug; x D ug; xg C ug; xC xg;
the remaining Lie products u; v are also in W . Hence L2  W . Now
let n > 2. We will show that W contains all left normed Lie products
v1; v2; : : : ; vn with v1; v2; : : : ; vn 2 X. Since Xnx; xg  W , it suffices
to consider such Lie products with vn 2 x; xg, and by symmetry we may
restrict ourselves to the case where vn D x. Then the relevant Lie products
are of the form w;u; x; w;x; x or w;xg; x where u 2 Xnx; xg and
w D v1; : : : ; vn−2. We have
w;u; x D w;x; uC u; x; w (2)
w;x; x D w;x2 (3)
w;xg; x D w;xg; xC xgC w; xg2: (4)
We first consider the case n D 3. Then w 2 X. If w 2 Xnx; xg, all terms
on the right hand sides of (2)–(4) are evidently in W . But if w 2 x; xg,
the elements (2)–(4) can be written as
x; u; x D u; x2
x; x; x D 0
x; xg; x D xC xg; x2
xg; u; x D xC xg2; uC u; x; xC xgC u; xg2
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xg; x; x D xC xg; x2
xg; xg; x D 0:
Hence L3  W . If n > 3, then w 2 Ln−2, and by induction w; w;x, w;xg,
and u; x are in W . But then it is obvious that the right hand sides of (2)–
(4) are also in W . Hence Ln  W , and this completes the proof of the first
two assertions. It remains to show that Z generates W freely. Since every
non-trivial relation between the elements of Z involves only finitely many
of them, it is sufficient to establish free generation in the case where the
Z, and hence X, are finite sets. Let X D r. Since W has codimension 1
in R, it is a free restricted Lie algebra of rank 2r − 1 (see Section 3). But
Z has exactly 2r − 1 elements, and it generates W . Hence it generates W
freely.
Lemma 3. With X, g, and T as in Lemma 2, let x 2 T , let B denote the
span of 0xX in R, and let U denote the subalgebra generated by 9xX
in R. Then R is the direct sum of its subspaces B and U , 0xX is a basis of
B and 9xX is a free generating set of U .
Proof. By Lemma 2, R is the direct sum of the 1-dimensional subspace
spanned by x and the subalgebra W D RZ: Now Lemma 1 (applied to W
and Z D xC xg [8xX tells us that the subalgebra U coincides with
the ideal generated by 8xX in W , and that 9xX is a free generating set
of U . Hence W is the direct sum of U and the rank 1 subalgebra RxC xg:
By Lemma 0; xC xg2k k  0 is a basis for RxC xg. Hence R is the
direct sum of U and the subspace spanned by the linearly independent set
x [ xC xg2k k  0. We claim that, for all k  1,
xC xg2k  xg; x2k−1 modU: (5)
Indeed, for k D 1 we have x C xg2 D xg; x C x2 C xg2 with x2 C
xg2 2 U , and if xC xg2k D xg; x2k−1 C v, where v 2 U , then squaring
gives
xC xg2kC1 D xg; x2k C xg; x2k−1; vC v2;
and the claim follows by induction since U is an ideal in W . In view of (5),
the set 0xX is a basis for a vector space complement of U in R. This
proves the lemma.
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5
As before, g is a graded algebra automorphism of order 2 and X is a
g-set, but now we assume that X is finite. As in Section 2, we write X as
a disjoint union X D F [ T [ Tg. We define two sequences i i0 and
Yii0 of subsets of R with the following properties:
(i) For all i  0;i is a linearly independent g-set consisting of homo-
geneous elements.
(ii) For all i  0; Yi is a homogeneous semi-regular free generating set
for RYi:
First of all, let 1 be a homogeneous ordered basis of LF such that the
ordering agrees with the natural partial ordering by degree (for example, a
Hall basis), and put
0 D

w2
k w 2 1;k  0}
Y0 D
x;w1; : : : ; wk x 2 T [Tg;w1; : : : ; wk 2 1;w1  : : : wk; k 0}:
(In the case where F D Z we get 0 D Z and Y0 D T [ Tg.) By Lemma 0,
0 is a homogeneous basis of RF which is g-invariant as g acts trivially
on F . By Lemma 1, Y0 is a free generating set for the ideal generated by
T [ Tg in R, and since x;w1; : : : ; wkg D xg;w1; : : : ; wk; it is a semi-
regular g-set. By definition, Y0 consists of homogeneous elements. Note
that R D RFRY0.
Now let i  0, and assume that the sets j and Yj have been defined for
all j  i. Let Ti be a g-transversal of Yi and let xi 2 Ti be an element of
smallest possible degree. Then we set
iC1 D 0xiYi; YiC1 D 9xiYi:
By Lemma 3 (applied to RYi), iC1 is linearly independent, YiC1 gen-
erates RYiC1 freely, and by the definition of 0xi and 9xi , both sets are
g-invariant and homogeneous. Moreover, YiC1 is evidently semi-regular.
Theorem 1. The set  D S
i0
i is a homogeneous g-invariant basis of R.
Proof. By construction,  is g-invariant and homogeneous. We need
to show that it is a basis of R. For each i  0, let Bi denote the span of i
in R, and let Ui D RYi. Then we have a descending chain
R  U0  U1  U2    
of subalgebras in R. Recall that 0 is a basis for RF. Hence R D B0U0.
Since i is linearly independent, it is a basis of Bi. By Lemma 3 (applied to
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Ui D RYi, Ui D BiC1UiC1 for all i  0. Now observe that, by construc-
tion, for each i  0 and each n  1, Yi \ Rn is a finite set. In other words,
for any particular n  1; each Yi contains only finitely many elements of
degree n. Moreover, if i denotes the smallest positive integer n such that
Yi \ Rn 6D Z, then i ! 1 as i ! 1. Indeed, since xi 2 Yi has been
chosen to be an element of smallest possible degree (that is, deg xi D i),
it follows from the definition of 9xiYi that the number of elements of de-
gree i in YiC1 decreases by 2 as compared to Yi. Since Ui  
ji
Rj , we
have 
j<i
Rj  
ji
Bj , and consequently R D 
i0
Bi. The theorem follows.
The basis  has the property that together with any of its elements w
it also contains all powers w2
k
with k  1. This is clear for w 2 0 and the
elements xig; xi2k 2 iC1. But for xi, xig 2 iC1 we have x2i , xig2 2 YiC1
and hence x2i and xig2 will appear in j for some j > i C 1. It follows
that  can be written as
 D w2k w 2 ;k  0};
where    consists of Lie elements. More precisely,  consists of all
elements of  which are not (written as) proper 2kth powers. Now we can
state our main result.
Theorem 2. The set  is a homogeneous g-invariant basis of L.
Proof. It is sufficient to show that  spans L. If this is not the case, 
can be extended to a basis 3 of L. By Lemma 0, 3 D w2k w 2 3;k  0
is a basis of R. This contradicts Theorem 1 as  is a proper subset of 3:
In the smallest possible case, where L is of rank 2 with X D x; y and
g is defined by xg D y, the elements of  up to degree 6 are
x; yy y; xy x2; xC y; y2; xC yy
x2; xC y; xC y; y2; xC y; xC y; y2; x2y
x2; xC y; xC y; xC y; y2; xC y; xC y; xC y; x2; xC y; x2;
y2; xC y; y2;
x2; xC y; x2 C y2; y2; xC y; x2 C y2y
x2; xC y; xC y; xC y; xC y; y2; xC y; xC y; xC y; xC y;
x2; xC y; xC y; x2; y2; xC y; xC y; y2
x2; xC y; xC y; x2 C y2; y2; xC y; xC y; x2 C y2;
x4; x2 C y2; y4; x2 C y2; y2; xC y; x2; xC y:
344 guilfoyle and sto˝hr
6
Let G D< g > denote the cyclic subgroup (of order 2) generated by g
in Aut A. The results of Section 5 provide an explicit decomposition of R
and L into a direct sum of indecomposable KG-modules: For each i  1,
the elements xi, xig 2 i span a regular KG-module, and the remaining
elements of  generate trivial KG-modules. In this final section we deter-
mine the multiplicities of the regular module KG and the trivial module K
in the homogeneous components Rn and Ln. This amounts to counting the
number of elements xi i  1 of degree n in  and .
First of all we recall that the dimensions of the degree n homogeneous
components of the free Lie algebra and the free restricted Lie algebra of
rank m are given by
nm D
1
n
X
d=n
dmn=d
nm D
1
n
X
d=n
‘2kmn=d d D 2k‘; 2; ‘ D 1;
(6)
respectively (see [8]). Here the sums run over all positive divisors of n; is
the Mo¨bius function, and  is the Euler function. We require the following
easy fact: For all n  1;X
j1
1
2j
n=2j m D −
1
n
X
d=n
d even
dmn=d; (7)
where n=2j m is interpreted as zero when n=2j is not an integer. To verify
this, note that (7) holds for odd n since both sides of the equation are
zero in this case. Now let n D 2q q  1: By using (6) and the inductive
hypothesis we haveX
j1
1
2j
n=2j m D
1
2q
X
d=q
dmq=d − 1
2q
X
d=q
d even
dmq=d: (8)
The first term on the right hand side can be split into two, where the
summation in the first runs over all odd divisors of n and the summation
in the second runs over all even divisors of n. The latter cancels with the
second term in (8), and the former can be rewritten as
1
2q
X
d=q
d odd
dmq=d D − 1
2q
X
d=2q
d even
dm2q=d: (9)
This proves (7).
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For the multiplicity count, set
‘n D dimLn; fn D dimLnF;
where LnF denotes the degree n homogeneous component of LF: Fur-
thermore, let Q D xi  i  1 and O D n Q [ Qg [ 0: Thus O
consists of the elements xi; xig2k with i  1 and k  0. Then  can be
written as the disjoint union
 D 0 [ Q [ Qg [ O:
Observe that fn D 0 \ Ln, and set
an D
 Q \ Ln; bn D  O \ Ln; cn D  Q \ Rn:
Clearly, an and cn are the multiplicities of the regular module in Ln and
Rn, respectively, and once these have been determined the respective mul-
tiplicities of the trivial module K can be obtained as dimLn − 2an and
dimRn − 2cn. By construction we have
‘n D fn C 2an C bn: (10)
If n is odd, bn D 0 since O consists of elements of even degree. Hence
an D 12 ‘n − fn in this case.
If n is even, the construction of  yields
bn D cn=2; (11)
and also
bn D an=2 C an=4 C an=8 C    ;
where an=2j is interpreted as zero when n=2j is not an integer. The latter
gives
bn D an=2 C bn=2; (12)
and then we can use the expression an D 12 ‘n − fn − bn; which follows
from (10), repeatedly to rewrite bn, as
bn D
X
j1
1
2j
‘n=2j − fn=2j :
Using the dimension formula (6), and (7), this can be rewritten as
bn D −
1
n
X
d=n
d even
d(Xn=d − F n=d; (13)
and then an and cn can be determined from (12) and (11) as
an D b2n − bn; cn D b2n:
After substituting (13) into these equations, and rewriting b2n using (9), we
obtain the following result.
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Theorem 3 [3, 7]. The multiplicity of the regular module KG in Ln is
given by
an D
1
2n
X
d=n
n odd
d(Xn=d − F n=dC 1
n
X
d=n
d even
d(Xn=d − F n=d;
and the multiplicity of the regular module in Rn is given by
cn D
1
2n
X
d=n
dodd
d(Xn=d − F n=d:
In the case where F D Z; the above formula for an follows immediately
from the results in [3], and in the general case it was (in slightly different
form) obtained by Michos [7]. The formula for cn can also be deduced
from [7].
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